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T1. (a)

Solutions to tutorial exercises for stochastic processes

=: Suppose {7 <t} € F; for all £ > 0. We can write

{r<ty=J{r<ster
=

<: Suppose {7 < t} € F; for all t > 0. In this case we have

{r<ty=({r<s}
s>t
seQ
which is an element of F; for all s > ¢, so that
{r<tye()F.
s>t

seQ

Since the filtration is right-continuous we conclude that {r <t} € F,.

Suppose 7, is a sequence of stopping times. We have

{Suan < t} = ﬂ{Tn <t} e F,

n

and similarly

{i%an < t} = U{Tn <t} eF,

so that sup,7, and inf, 7,, are stopping times. For lim sup,, 7,, we can write

lim sup 7,, = inf sup 7, =: inf o,,.
n—00 n20 p>n n=0

By the above observations o, is a stopping time and thus so is lim sup,, 73,. Similarly

lim inf 7,, = sup inf 7,
n—00 n>0 k>n

is a stopping time. Finally if lim,,_,,, 7, exists it is equal to liminf, . 7, so that it
is a stopping time as well.



T2. (a)

T3. (a)

Firstly 2 € F,, since 7 is a stopping time. Suppose A € F,, then AN {r <t} € F,
for all ¢ > 0. Since F; is a o-algebra it holds that

An{r<tt=An{r<t) ' n{r<t}eF,

so A® € F,. Lastly suppose A, Ay, --- € F,. Then since F; is a o-algebra we have

(OAZ) m{rgt}:O(Am{rgt}) € Fi.

i=1
So F. is indeed a o-algebra.

Let s > 0. We have
{r <s} e F,

since for any ¢ > 0 it holds that
{r<sin{r <t} ={r <sAt} e Foe C F,

since 7 is a stopping time.

Suppose 71 < 15. Then {m <t} C {m <t} for all t > 0. Suppose A € F,, and let
t >0, then
AN{n <t} =An{n <t}n{n <t} € F,

since = AN{n <t} € F and {m, <t} € F. So F,, C F,,.

Suppose 7, | 7. Then by the argumentation in (b) we have F, C F, for all n. So
in particular 7, C N, F,, . Now let A € N, F,, . Then there exists some N € N such
that for all n > N we have AN {7, <t} € F;. Since F; is a o-algebra we find

Fi2 ﬁAm{rngt}—Am ﬁ{rngt}—Am{rgt},

so that A € F,. We conclude that F,. =N, F,,.

Let 7y = inf{s > 1| B; = 0} and let 7 = inf{s > 0| B; = 0}. Firstly we can write
{r(w) <t} ={inf{s > 1|w(s) =0} <t} ={inf{s > 0|w(s+1) =0} +1 < t},

so that
]]_{Tl S t} = :H_{T St— 1}091.

Now we can calculate the distribution of 7 using the Markov property:
P'(1 <t) = E%L{n <] = E°[E°[L{r<41y 0 64| F1]] = E°[EP [1grcy—1y]]

= / p1(0, 2)P*(r <t —1)dx,

[e.9]
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]P)O( < t) /oo 1 —I'2 =1 ‘I’| 2 dud
T S = —FCXp | — e p yax
— 0o \/271' 2 0 \/

1 t—1 ') . 1

_ _/ y_3/2/ T exp (—(y—i- )z )dmdy
™ Jo 0 2y
1 [t 1 2

= ;/0 mdy = ;arctan (\/t — 1).

where p;(a,b) = (27t) /2 exp (ﬂ> Using the distribution of 7 we get

(b) Let 75 =sup{s < 1| Bs =0} and let again 7 = inf{s > 0| B; = 0}. We can write
{r(w) <t} ={sup{s <1|w(s) =0} <t} = {inf{s > t|w(s) =0} > 1}
= {inf{s > 0|w(s+1t) =0} >1—t},

so that
H{rn<t}=1{r>1—t}ob,.

We now again use the Markov property to calculate the distribution of 7:
P (12 <t) = E'[L{n<y] = E°[E° (L1 © 64 F]] = B [EP [1(r51-4]]

_ /Oo o0, 2)P*(r > 1 — t)du.

o0

Using the distribution of 7 we get

PO(ry < t) / (_xQ) ¥ el e ( xZ)d dx
(T xp [ ——
? V2t 2t 1-t /2my3 P 2y Y
1 [~ 1 > — t)z?
= —/ x exp (M) dxdy

1 o / y+t
= dy,
1t«/ty y+t y+t2

We now use the change of variables z :=t/(y +t) to find

/0 \/ﬁdy = %arcsin (\/Z)

PO(ry <t) =



